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Abstract. This is the third and final installment in our series of papers applying the method 
of Atkin and Swinnerton-Dyer to deduce formulas for rank differences. The study of rank 
differences was initiated by Atkin and Swinnerton-Dyer in their proof of Dyson's conjectures 
concerning Ramanujan's congruences for the partition function. Since then, other types of rank 
differences for statistics associated to partitions have been investigated. In this paper, we prove 
explicit formulas for M2-rank differences for overpartitions. Additionally, we express a third 
order mock theta function in terms of rank differences. 



1. Introduction 

The rank of a partition A is defined to be the largest part i{X) minus the number of parts 
n(A). Let N{s,m,n) denote the number of partitions of n with rank congruent to s modulo m. 
Responding to a conjecture of Dyson yi^, Atkin and Swinnerton-Dyer proved elegant formulas, 
in terms of modular functions and generalized Lambert series, for the generating functions for 
N(r, i, in + d) — N{s, i, in + d) when i = 5 and 7. For example, they found [31 Theorem 4]: 

(1.1) ^' 5n + 2) - N{2, 5, 5n + 2))q'' = j^^^^^ 



n>0 



and 



J]] (A^(0, 5, 5n + 3) - iV(l, 5, 5n + 3))g" 



n>0 



(1-2) _ q (_l)ngl5n(n+l)/2 {q,q\q^;q^) 

(g^;g^)oo4^ l-g5n+2 + (<^2^g3.g5^2 " 



nG 

Here we have employed the standard basic hyper geometric series notation [15j . 

n— 1 

(ai, 02, . . . , af q)n = H ~ - a2q^) •••(!- a^q^). 

We follow the custom of dropping the "; g" unless the base is something other than q. 
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The rank of a partition studied by Atkin and Swinnerton-Dyer is now understood to be a 
special case of a more general rank which is defined on overpartition pairs [6]. Recall that an 
overpartition of n is a partition of n where we may overline the first occurrence of a part while 
an overpartition pair (A, fi) of n is a pair of overpartitions where the sum of all of the parts is 
n. The rank of an overpartition pair (A, /Li) is 



(1.3) ^((A,^))-n(A)-n(/i)-x((A,M)), 

where n(-) is the number of overlined parts only and x((A,/i)) is defined to be 1 if the largest 
part of (A, n) occurs only non-overlined and only in /i, and otherwise. 

When /i is empty and A has no overlined parts, (|1.3p becomes the rank of a partition. In 
addition to this rank, three other special cases of (jl.Sp have turned out to be of particular 
interest: the rank of an overpartition, the M2-rank of a partition without repeated odd parts, 
and the M2-rank of an overpartition. For more on these three ranks and their generating 
functions, see [i El El El El [III [l3l [13 Efll [22l [23] . In [22] and [23], we apphed the method 
of Atkin and Swinnerton-Dyer to find formulas like p. ID and ()1.2p for certain rank differences 
for overpartitions and M2-rank differences for partitions without repeated odd parts. Here we 
complete the picture by doing the same for M2-rank differences for overpartitions. 

This rank arises by replacing parts m in the first component of an overpartition pair (A, fi) by 
2m and parts m in the second component by 2m — 1. From (II. 3p . the M2-rank of the resulting 
overpartition A is 

7(A)- 



M2-rank(A) 



n(A)+n(Ao)-x(A), 



2 

where Aq is the subpartition consisting of the odd non-overlined parts and = 1 if the largest 
part of A is odd and non-overlined and xW = otherwise. For example, the M2-rank of the 
overpartition 5 + 4 + 4 + 3 + 1 + 1 is 3-6 + 3-1 = -1. 

Let N2{s,i,n) denote the number of overpartitions of n whose M2-rank is congruent to s 
modulo £. Using the notation 

(1.4) Rst{d) = (^2(s, I, In + d)- N2{t, In + d)) q^, 

n>0 

where the prime i will always be clear, our main results are summarized in Theorems 11.11 and 
[O] below. 

Theorem 1.1. For £ = 3, we have 



(1.6) i?Ol(l) = — 



{q)oo 

^ ' ' {q';q')oo{q';q')lo^ {q';q')oo £^ I - q<in+2 ■ 
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Theorem 1.2. For £ = 5, we have 

(1.8) j;^^(o)- I Mq';q')oo 



(1.9) 



(1.11) 



(1.14) 



{q)UQ;Q^U (9;9')^(9^9^9^9^;g^°)oo' 



+ 



/oo 



+ 



('?5;'Z5)oo ^ l-glOn+4 (g; g2)5^(g4^ ^6. ^10)^(^5. ^5) 



(1.10) i?i2(2) 



(g)4,(g5;g5)2^ 



oo 



(9)§o(9^9^;9^'^)^(9,9^9^9'^;9^'^)oo' 



(?)^(g^g^g^9^;?l°)oo(«,^z9;gl°)3o 

5. „5\ 



(g;g2)^(g^g^g^g«;gl°)oo' 



(1-12) i^i2(4) = 



+ 



(g5;g5)oo ±i l-glOn+2 (g;g2)4^(g2,g3^^7^^8.g 



i?02(0) = -l+ (9';?')^ 



10^3 ■ 
00 



(g; 9^)^(93, g^?^g^;gl°)oo(gl0;gl0)5^ 



.-n ^^ ^ g^(g)oo(g^°;g^°)oo ^ 4g(g5; g5)2^(^, g9. glO 



(g3,g4^ ^6^ ^7. ^10)3^(^5.^5)^ (g; ^2)6^(^4^ ^6^ ^10. ^10)^ 
10^2(^10.^10)3^ 

(g)2o(«2,g«;g^°)oo(g^g^;g 



.3 n7. „10^4 ' 

CX) 



2^3(_^5. ^5)^ ^ (_i)n^5n2+10n ^ 2{q'^; q^^ 



(7^; (7^ 00 ^ 1 



(9S;g5)oo l-glOn+4 (g;g2)6^(g4^ ^6. ^10)^(^10. ^10)3^ 

, 2g=^(g)oo(gi";gi0)g, 

(g^g^;g^°)^('z^<?^;'?l°)^(<?^^^)^' 



(1.15) i?02(2)- 4(9^9';Doo((z^<?^)^ iOg((?i°;<?^°)L 



(1.16) i?02(3) 



4(^5. 



00 
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00 



(1.17) 

g(-g,-g4;g5)^(g,g2^g8,g9.gl0)^+ g(g;Q2)4^(^, ^9. ^10)4^(^2.^2)3^ ' 

The method of Atkin and Swinnerton-Dyer may be generally described as regarding groups 
of identities as equalities between polynomials of degree ^ — 1 in g whose coefficients are power 
series in q^. Specifically, we first consider the expression 

(9)00 



00 

(1.18) E{^2(s, i, n) - N2{t, £, n)}g"; 

n=0 ' ^ 

By (12. 4p . (12. 5p . and ()4.3p . we write (ll.lSp as a polynomial in q whose coefficients are power series 
in q^. We then alternatively express (jl.lSp in the same manner using the formulas in Theorem 
11.21 and equation ()4.4p or ()4.5p . Finally, we use the theory of modular forms to show that these 
two resulting polynomials are the same for each pair of values of s and t. 

Some comments are in order here. First, if the number of overpartitions of n with M2-rank 
m is denoted by N2{'m, n), then N2{m, n) = N2{—'m, n) (see (I2.3p ). Hence the values of s and t 
considered in Theorems 11.11 and 11.21 are sufficient to find any rank difference generating function 
Rst{d). Second, the formulas in Theorems 11.11 and ll. 21 are somewhat more complicated than the 
ones in [3], [22], and [23]. When there are exactly two infinite products, we have verified using 
Euler's algorithm [H p. 98, Ex. 2] that they cannot be reduced to one product. However, in 
(jl.l3p and (|1.17p we cannot rule out the possibility of a simpler expression. 

Finally, the formulas for i?oi(0) and i?02(l) when £ = 3 match those for the classical rank 
differences for overpartitions \12\ Eqs. (1.1) and (1.2)]. In other words, letting N(s,m,n) denote 
the number of overpartitions whose rank is s modulo m, we have 

¥2(0, 3, 3n + d) - ¥2(1, 3, 3n + d)= N{0, 3, 3n + d) - N{1, 3, 3n + d) 

for n > and d = or 1. When d = 2 it turns out that the generating function for the difference 
of the rank differences is proportional to the third order mock theta function 

Corollary 1.3. We have 

6Lo{q) = ^(iV2(0,3,3n + 2) -iV2(l,3,3n + 2))g" 

n>0 



^(iV(0,3,3n + 2) - A^(l,3,3n + 2))g". 



n>0 



This is not the first time that mock theta functions have appeared in relation to rank dif- 
ferences. Andrews and Garvan [2, Section 4] and Hickerson [17^ Section 5] have already shown 
that certain fifth and seventh order mock theta functions can be expressed in terms of rank 
differences of Atkin and Swinnerton-Dyer. Some tenth order mock theta functions are also rank 
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differences. Specifically, using identities for the tenth order mock theta functions (p{q) and 4'{q) 
on pages 533-534 of [12], combined with identities (1.9), (1.11), and (1.14) of [22], we have 

20(g) = ^ {N{0, 5, 5n + 1) - 7V(2, 5, 5n + 1)) 

n>0 

and 



2'il;{q) = ^(iV(0, 5, 5n + 4) + N{1, 5, 5n + 4) - 2A^(2, 5, 5n + 4))g"+^ 

n>0 

In general, the generalized Lambert series which arise in the study of rank differences are known 
to be building blocks of mock theta functions [26j. 

The paper is organized as follows. In Section 2 we collect some basic definitions, notations 
and generating functions. In Section 3 we prove two key g-series identities relating generalized 
Lambert series to infinite products, and in Section 4 we give the proofs of Theorems 11.11 and 1 1 . 2 [ 
In Section 5, we prove Corollary 11.31 

2. Preliminaries 

We begin by introducing some notation and definitions, essentially following [3j. With y = q^, 

let 



oo 
n=0 

and 

rstid) := rs{d) - rt{d). 

Thus we have 

oo e-1 
J2N2{s,i,n)q^ = Y,rs{d)q''. 

n=0 d=0 

To abbreviate the sums occurring in Theorems 11.11 and 11.21 we define 



](z,C,g) :=E^ 



^ ^'jn ^2n qu'^ +2n 



Henceforth we assume that a is not a multiple of i. We write 

( _-i \n„ 2bn+en{n+2) 

S(a, b) := y\ /) = E ^ 2M+2a 

and 

where the prime means that the term corresponding to n = is omitted. 
To abbreviate the products occurring in Theorems 11.11 and 11.21 we define 
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P{z,q) :=Yl{l-zq^-'){l-z-\^ 

and 



r=l 



oo 

2lr\ 



P(0) :=ll{l-y 



r=l 



We also have the relations 



(2.1) Piz-'q,q) = Piz,q) 
and 

(2.2) P{zq,q) = -z-^P{z,q). 

In [2^, it is shown that the two- variable generating function for N2{m,n) is 



(2.3) ^2("^, n)q^ = ^(_l)n+lgn2+2|m|nl 



,2n 



(g)oo ^ l + g2'^' 

n=0 ^^'^ n=l ^ 

From this we may easily deduce that the generating function for N2{s,m,n) is 

^ (1 + g^")(l -g^"") 

Hence it will be beneficial to consider sums of the form 



n„n+2bn 



(2-5) S2{h):=Y^^—_ . 

We will require the relation 

(2.6) S2{b) = -S2{£-b), 

which follows from the substitution n —n in (j2.5p . We shall also exploit the fact that the 
functions S2{t) are essentially infinite products. 

Lemma 2.1. We have 

Proof. Use the relation (j2.6p to compute —2S2{£) then apply the case z = — 1 of Jacobi's triple 
product identity, 

(2.7) 5]^V' = (-^g,-gMg';g')oo. 
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□ 



3. Two LEMMAS 



The proofs of Theorems 1 1 . 1 1 and 1 1 . 2 1 will follow from identities which relate the sums E(a, 6) 
to the products P{z, q). The key steps are the two lemmas below. The first is equation (5.4) of 

m 

Lemma 3.1. We have 



+ 



■2n 



+ 



{-C-qC, '^)oo{z'^Cq'^Z 2^ 2^2:2^ '^,q'^Z 2(2^ -,2^^ 2g2.g2)^ 

We now specialize Lemma [3TT] to the case C, = y"' , z = , and g = y^: 



(3.2) 



y^'^na + b,a) + S(6 - a, -a)+ ^[i^r;^^')p(|,-2\'^L) ^(^ 0) 

p(_^26^ /)P(j;4a, ^2£)p(^2a^ ^2^)p(o)2 

We now define 

^) ^= " P(-Z2,g)p(,2g2^^2) ^(^^ 5](z , Z, g) 



^ (_l)n_2-2n^n(n+2) 



- _ l-g2n 

and 



P{y^\y^')P{-l,y' 

p(_y2a^y£)p(y-2a^y2n 



(3.3) 5(a) := g{y\y') = - ' oJ -2o 2A ^K «) " r"S(2a, a) - S(0, -a 



The second key lemma is the following. 
Lemma 3.2. We have 

(3.4) 2,(.,,)-,(.^,) + ^-^(^°• ^'(^^#^'(^^«)(<rtL 



2 P(z2,g2)2p(28^g2) ^(-^2, g)2p(_^4^ g)p(_l^ 



and 
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(3.5) g{z,q)+g{z-^q,q)=0. 

Proof. We first require a short computation involving T,{z,C,q). Note that 

z^T.{z,C,q) +qC^T.{zq,C,q) 

V^'"/ n=— oo n=— oo 

oo 

= - E (-i)"c'"'z"' 

n=— oo 

upon writing n — 1 for n in the second sum of the first equation. Taking C = 1 yields 

oo 

(3.7) z^J:{z,l,q)+q^{zq,l,q) = - ^(-1)^'. 

n=— oo 

Now write g{z,q) in the form 

9{z,q)=fiiz)-f2{z)-h{z) 

where 



P(z^g^)P(-l, 

P(-z2,g)P(z2g2^^ 

/2(z) := /S(z2,z 

and 



^/ (_l)n^-2ngn(n+2) 

/3(2;) 2^ 



n=— oo 

By dsn), (I22D, and 

(3.8) 

A similar argument as in ()3.6p yields 

oo 

(3.9) /2(z<z) - /2(^) = (-l)"^'"?"' 

n=— oo 

and 

oo 

(3.10) h{zq) - h{z) =-l+ (-l)"^"'"?"'. 
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(3.11) g{z,q) - g{zq,q) = -I. 
Here we have used the identity 

(3.12) E (-i)^" pr;/,p;^l = e (-d--^^-^ + e (-d---^-^-^ 

which fohows from the triple product identity (j2.7p after writing —n for n in the second sum. If 
we now define 

... . P(z',q')HQ';q')lo , P(^^cz)2p(^^g)(g)^ 

/(z) := 25(z, g) - 5(z , g) + - - o + 



2 P{z\q^yP{z\q^) P{-z'^ ,qfP{-z\q)P{-l,q) 
then from (|2.ip . (j2.2p . and (|3.1ip . one can verify that 

(3.13) f{zq) - f{z) = 0. 

Now, it fohows from a routine complex analytic argument similar to the proof of Lemma 4.2 in 
[22j (see also Lemma 2 in [3J) that f{z) = 0. This proves ()3.4p . 
To prove (|3.5p . it suffices to show, after (|3.1ip . 

(3.14) g{z-\q)+g{z,q) = -l. 
Note that 

°o „n(n+2) °o „2 

2 r -i\ n 9 ^ 1^ n 9 



.2S(z,l,g)+.-2S(.-\l,,)=.2 (-1)"^^^- E (-1)"t 

(3.15) 

n=— CO 

where we have written — n for n in the second sum in the first equation. Thus, by (|2.ip . (|2.2p . 
and (|3.15p . we have 

(3.10) /.(.)./.(.-)^-f:(-i)v- ff:^^;^^^;^-g, . 

n=— oo ^ ' ^ ; J / 

Again, a similar argument as in (j3.15p gives 



(3.17) /2(^) + /2(^-^) = - E 

n=— oo 

and 
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(3.18) /3(^) + /3(^-i) = l_ J2 (-1 



n^-2n 



Adding (j3.17|) and (jS.lSp . then subtracting from (|3.16p yields (j3.14p . Here we have again used 

(iron . 



□ 



Letting z = y"" and g = y in Lemma 13.21 we get 
(3.19) 2g{a} - g{2a) + - 



and 

(3.20) g(a) + <7(^-a) = 0. 

These two identities will be of key importance in the proofs of Theorems 11.11 and II. 2[ 

4. Proofs of Theorems 11.11 and 11.21 

We now compute the sums 5*2 (^ — m). The reason for this choice is two-fold. First, we would 
like to obtain as simple an expression as possible in the final formulation (|4.3p . Secondly, to 
prove Theorem 11.11 we only need to compute ^2(1) whereas to prove Theorem II. 2^ we need 
5*2(1) and §2(3). The former yields 5*2(2) while the latter in turn yields 5*2(4) via ()2.6I) . For 
£ = 3, we can choose m = 1 and for i = 5, m = 1 and m = 2 respectively. As this point, we 
follow the idea of Section 6 in [3j. Namely, we write 

(4.1) n = ir + m + b, 

where —00 < r < 00. The idea is to simplify the exponent of q in 52 (^ — m). Thus 

2£n - 2mn + = fr{r + 2) + 26£r + {b + m){b - m + 2i). 
We now substitute (j4.ip into (j2.5p and let b take the values 0, ita, and itm. Here a runs through 
1, 2, . . . , where the value a = ±m mod £ is omitted. As in |3j, we use the notation to 

a 

denote the sum over these values of a. We thus obtain 
S,{i-m)= ^ (-!)" %_ ,, 

n=— 00 

°° er(r+2)+2br 



r+m+b {b+m){b-m+2£) y_ 



I — y2er+2m+2b ' 



where b takes values 0, ita, and ±m and the term corresponding to r = and b = —m is 
omitted. Thus 
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S2{i -m) = 0) + S(0, -m) + /'"S(2m, m) 

a 

Here the first three terms arise from taking 6 = 0, — m, and m respectively. We now can use 
(j3.2p to simphfy this expression. By taking h = m and dividing by y^" in (j3.2p . the sum of the 
two terms inside the curly brackets becomes 

4, /)p(y4a^ y2^)p(y2a^ y2£)p(0)2 



p(^y2a+2m y2t^p^y2m-2a y2e^p(^_y2a yi^p(^y2m y2e^ ■ 

Similarly, upon taking a = m in (j3.3p . then the sum of the second and third terms in (j4.2p is 

P(/-,y2^)P(-l,/ 



p(-_y2m^y<?)p(y-2m^y2i' 

In total, we have 



-S(m, 0) — g{m). 



S2{^ — m) = —g{m) 



a L 



m+a ^{a+ra){a—m+2£) y~'^'^ 



p(-y2m^ y'^)P(yi^, y^<^)P{y^^ ,y^^)P{0)^ 
(4.3) ^ p^y2a+2m^y2l^p(y2m-2a^y2l^p{^_y2a^ y^)P{y^"\ V^^') 



p(^_y2m^yi^p(^y-2m^y2£\ 



E"f .-.m+a (a+m)(a-m+2e) -4a Piy'^"'^y'^^)Pi ^^V^) p( -2a 2l\ 1 

We can simplify some of the terms appearing in (j4.3p as we are interested in certain values of £, 
m, and a. To this end, we prove the following result. Let { } denote the coefficient of ll(m,0) 
in (OD. 



Proposition 4.1. If i = 3 and m = 1, then 

r ^ ^ _ 5 (g)oo(-g^;g^)oo 

^ ^ (-'?)oo(99;g9)oo' 

If i = 5, m = 2, and a = 1, then 
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If i = 5, m = 1, a = 2, then 

r T _ 9 (g)oo(-g^^;g^^)oo 
^ ^ (-g)oo(g25;Q25)^- 

Proof. This is a straightforward appHcation of the identities 
and 

(4.5) ^ = yy2T - MQ'',q'', <r"; l'')oo + 2q\q^q'^ q''; q'^)^. 

These are Lemma 3.1 in D 



We are now in a position to prove Theorems 11.11 and 11.21 We begin with Theorem II. 1[ 
Proof By and (gSD, we have 

(4.6) El iV2(0, 3, n) - ¥2(1, 3, n)}q^-^^ = 3^2(1) + ^2(3). 

By dUD, ([22]), ([33]), and Proposition O we have 

,4.7) S.,1,.„1,.,^.E,,0)<^)£^. 

By Lemma |2. II we have 

,4.8) + 

We have that 

3,(1) + 3, ^^(M) (_^)^(^.^9)^ - ^(Z^ + 2 = {-"^W-^ +m(l). + m(% 1^(3^. 

We now multiply the right hand side of the above expression using (14. 4|) and the Rqi (d) from 
Theorem 11.21 ( recaU that roi(d) is just Roi{d) with g replaced by g^). We then equate coefficients 
of powers of q and verify the resulting identities. For q^ and the resulting equation follows 
easily upon cancelling factors in infinite products. For q^ we obtain 

, ... 1_ {-q';q')oo{q';q')l , {q'';q'')to{q',q'',q'';q'')oo 

''^^>^2 2(g3;g3)^(-g9.g9)3^ y (Q6;g6)^(^9.^9)2^ 

Appealing to (j3.19p and (j3.20p and then replacing q by q^^^, this becomes 



Piq',q^rPiq^q^)iq';q')l , {-q; q)ooiq'; q')l , (g^ g^)^oo('?, 9^ 



00 



P(-g2,g3)2p(-g4,g3)p(_i,g3) 2{q- qU{- q^ ; q^)l, ^ (g^; ^2)^(^3. ^3)2^ 
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After making a common denominator on the left and simplifying, this equation may be verified 
using the case {z, (,t,q) = of the addition theorem [H Eq. (3.7)], 

P\z, q)P{Ct, q)P{C/t, q) - P\C, q)P{zt, q)P{z/t, q) + C/tP\t, q)P{zC, q)P{z/C, q) = 0. 

This completes the proof of Theorem 11.11 □ 

We now turn to Theorem 11.21 

Proof. We begin with the rank differences Ri2{d). By ()2.4p . (j2.5p . and (|2.6p . we have 



(4.9) El ^2(1, 5, n) - iV2(2, 5, n)|g"-M^ = .^^(i) _ 352(3) 

n=0 

and by (^J^, (gS]), ([33]), and Proposition SU 



(_.,25.„25\ („50.„50\2 ( _ 10 _ 15.„25^ 



(-'Z)oo(925;g25)^ - (^10,g40.g50)^(_g5,_g20.g25 
and 



(4.11) 5(3)- <7(2) + <Zy J^(2,0)^_^^^^^2,.^,,^^ ^ ^(CZ20,,30.,50)^(_,10,_,15.,25)^ 

By (j43|), (jilH . and (f4TT]) . we have 



{q)ooi-q'';q''U , 3 iq''; q'')U-q'' , -q''^ q'') 



g{l) - q'yEihO) )'''^ . 2. 2. + 



00 



'Z)oo(g25;g25)^ ^ (gl0^g40.g50)^(_^5^_g20.^25^ 



700 



+3,(2)-3,,3^,,o)(^)^(-X;^<:;-+3,v (^^°;^^°)^~(-^^-^^°;^^^)- 



(-9)00(^25.^25)^ - -(^20^^30. g50)^(_gl0^_gl5.g25) 

(9)00 



{ri2(0)g° + ri2(l)(? + ri2(2)g2 + ri2(3)g3 + ri2(4)g^}; 



2{-q)oo' 

We now multiply the right hand side of the above expression using (14. 5[) and the Ri2{d) from 
Theorem 11.2^ equating coefficients of powers of q. The coefficients of q^ , q^, q^ , q^, q^ give us, 
respectively, 



3ff(2) -5(1) = 5y' 



+ y 



2iq '';q'rc.{q',q'',q'',q'';q'')ooiq'';q'')c 

(gS; ^5)3^(^5. ^10)^(_g25.g25)^ 

iq'';q'')lo 

(gS; gl0)5^(gl5, q20^ ^30^ ^35. g50)^(_^25. ^25)^ 



/„50.„50\3 („5 „45.„50\ 



(g5;gl0)5^(^20,g30.g50)^(g25.g25)^ 

20^4 (^^VXM^^^^ q''; q'')Uq',q'', q''; q'')oo 



{q';q')Uq 

{q'';q'')oo{q'',q'',q'';q'')oo 



5. „5^4 ('„25. „25\2 



(g5;gl0)4^(^10,gl5^g35^<^40.g50)3^' 
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„10 „40 „45.„50n „35 „50. „50\ ('„50. „50^2 /„5 „45. „50\2 /„10 „40. „50\3 



(4.13) 



(«5;«5)oo(95;gi°)c 



(g5;g5) 



2 
oo 



+ 



1 



(^15,^35.^50)3^(^10,^40.^50) 



(4.14) 



,50. „50^2 



(_g5,_g20.gi5)^(g5 

'(g20,g30.^50)^(_gl0,_^15.g25)^ 



50. „50\2 

/oo 



(9 



15 



,50\ 



,50. ^50 \ 7 



20 ^30.^50- 



^(^25.^25)^ 



2{q'"iq'yoo{q',q''-,q'')liq'',q'';q'')Uq'',q'' 



-20y 
+ 5 



,50. „50\ 

1 ) y ^oo 



25. „25^2 



(g5; g5)2^(Ql5, ^35. ^50)3^(^5, glO, ^40, ^45. g50)^(_g25. ^25)^ 



+ 10 



((?5;g5)2^(g5,g45.^50)3^(^ 



,25. „25\ 



5 „45.^50V5 (nl5 r,20 ^30,^35.^50)^ 



{q^;q 



(fj5 45 50. 50\ 



(g5;glO)5^(^10,gl5, ^35,^40. ^50)^' 



(4.15) 



(_gl0,_^15. ^25)^(^50. ^50)2^ 



(y^°,y^°;y5°)oo( 

= -10y 



7^°;y^^)oo 



(y^°;y^°)L(9^^?^^9^°;g^°)c 



+ 5 

-4 



(9^; y5)^(9^^ 9^^; 9^'^)^(9^ 5^°, 9^^; 9^'^)oo 

(g50;g50)3^(g25.^25)^ 

(95;y^)^(y^y^^;y^°)i,(yl^y2^y3o,^35.g50)^(_^25.g25) 



+ 4y 



(g5;gl0)5^(^10,<^15,^35,g40.g50)^( 

(y^°;y^°)oo(y^y'^y'°;y'°)oo 



-y25;g25)^ 
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+ y 



(4.16) 



+ 4 



(g5;gl0)5^(gl5,g20,g30^g35.^50)^ 

(g50;g50)3^(gl5^g35^^50.g50)^ 

(g^ q')loiQ', q''; q'')Uq'', <f', 9^°, 9^°) 

(g25.g25)^(g50.g50)^ 
^10)5^(^10,^40. ^50)^ 

(r;'?^°)oo(cz^^;g2^)c 



oo 



(9^; 9^°)i.('Z^°, g35, ^40. g50)3^(_^25. ^25)^ " 

While we cannot rule out the possibility that (I4.12|) - ()4.16p could be proven with clever ap- 
plications of identities involving infinite products, we verify them using standard computational 
techniques from the theory of modular forms, which we briefly summarize. First, divide each 
identity by one of its terms to put it in the form 

(4.17) 1 = E^- 

where each Fi can be expressed in terms of generalized r/-products [23] . (For ()4.12p we first use 
(I3.19P and (I3.20p to write the left hand side as a sum of 4 infinite products). By equations (11) 
and (12) in [21], one establishes that each of the products Fi is a modular function on some 
space. (In our case, after letting q = q^^^ , the functions were always on ri(lO)). Using Theorem 
4 in [21], we then determine the order of Fi at the cusps and multiply both sides of (I4.17P by 
an appropriate power of the Delta function, A'^(z), so that each IS^Fi is holomorphic at the 
cusps. Verifying the identity up to q^ , where T is the dimension of the appropriate space is then 
sufficient to confirm its truth. (In our case, we have T = np|io(l ~ 1/p^) = 72A;.) 

We now turn to the rank differences RQ2{d), proceeding as above. Again by (12.41) . ()2.5p . and 
(12. 6p . we have 



(4.18) E{iV2(0, 5, n) - N2{2, 5, n)|g"-^^ = ^2(5) + 2^2(1) + ^2(8). 

n=0 ^-""^ 

By Lemma [23] (with ^ = 5), {gUD, (|3l0]l . and ([OT]) . we have 



-(.). +i + 2,(1) + 2,V(i,o)M^^^54S^- 2,3 



5(2) + gy3s(2,0)- 



-g)oo(g25; g25)^ ^ « (^20, g30. g50)^(_gl0, _gl5. ^25)^ 

(^)oo 



= {r-02(0)g° + ro2{l)q + ro2{2)q^ + ro2(3)g3 + ^02(4)g^} . 
Again, equating coefficients of powers of q yields the following identities. 
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(4.19) 



{q 



25. „25^7 



Joo\ 



„20 „30 „35. „50^ 



^25. «25^ 



+ 



+ 



2(^15^ ^20^^30^ 



g35.g50)3^(g25.^25)^(_g25.g25)^ 



(g5;gl0)6^(g20,g30^g50.g50)^ 



,.3r^5.„5\ ^^50.^50^3 



+ 



/oo 



(yl5,g35;g50)4^( 
.,45 ^50. „50^ 



+ 



00 
00 



+ 



,50\ 



-g20; g25)^(^5^ ^10^ y^'o, g^^; y^ 700 



45.^50) 
50.„50)2^(^15 



,35 „50.„50\ 

/ ) y I y )oo 



+ 



(y5;yl°)l(y^9^^;y^°)l(yl°;?l°)^ 



(4.20) 



= 0, 



(4.21) 



(gl5, g35. ^50)^(^20^ g30. ^50)3^(^25. ^25)3^ 

y((?50;g50)2^(_^5^ 



20. 25^) 

y ) y )oo 



(_^10^_^15.<^25)^(g20^^30.^50)^ 

%(y^^g^^)oo(y^y"^g^°;g^°)oo 
(y^;g^°)^(gl^yl^g3^y^°;g^°)oo 

5y(g50;g50)3^(g25.g25)^ 

(9^ 9^)lo(9l^ 9=^5; 9™)io(9^ gl°, g"°, 9^5; g50)^(-g25. ^25)^ ' 



(4.22) 



(gl5,y35;<^50)2^ (^25.^25)2^ 



2(y 



25. „25\2 

/oo 



+ 



(gS; yl0)5^(gl0, gl5, ^35^ ^40. ^50)^(_g25. ^25)^ 

2(g^^ g^°; g^°)oo 

(g^;g^°)^oo(9^g^^;g^°)^oo(9'°;9^°Poo 
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-y\q''; q'Uiq"'; g^°)oo(g^ 



(4.23) 



((?15,g20,g30^g35. ^50)3^(^25. ^25)^ 

4y(g^^ g^')L(g^ g'^; g'°)oo(g^ g'°) 

((?5;gl0)6,(g20,530^g50.g50)^ 

, 10y^(g^°;g^°)L(g^g^^g^°;g^°)oo 

^25.„25n („15 „35 „50. „50 

_i_ ,7 ^q )oo\q ,q ,q ,q joo 



{q';q')Uq'',q'';q'')o.{q'',q'';q'')t. 
4(g^^;g^^)oo(g^^g^^g^°;g^°)c 
{q';q'')lo{q'',q'^q'',q'';q'')oo 

5{q'';q'')liq'';q'')liq'',q'';q'')oo 



+ 



('?^ q^'; q'^Uiq'; q')Uq'' , q^' ; q^'Ui-q'"'; q^^'U 

{q'';q'')ooi-q'',-q'';q''U{q'';q'')oo 
(g25;, 25)3^(^10^ ^40. ^50)5^(^50. ^50)2^ 



y^q"; q'')toiq', q^'; q'')Uq'';q'')U-q''; q^'U ' 

These equations were verified using modular forms as with (j4.12p - (j4.16p above. □ 

5. Proof of Corollary 11.31 
Proof. We first recall the two "universal mock theta functions" (see Section 6 in [16j ) 

, , (-g)oo (-l)"g"("+^) 



and 



, , 1 V- (-l)"g2"("+l) 



Watson [251 P- 66] showed that 



(5.1) ^iq)=93iq,q^)- 
By Theorem 1.1 in [18] . 

(5.2) xg^ix, q) = f/^^ + xg-i/V(2a, r; 2r). 

?7^(Tjii'(2a; 2r) 

Here 

^1/2 (_5)n^n{n+l)/2 



/i(n,u;r := — > - 

wiv: T 1 



aq" 
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and '&{v] t) is the classical theta series with product representation 

oo 
ra=l 

where x = e^™, q = e^'^*'^, a = e^™, and h = e^™. Now by Theorem 1.1, Theorem 1.1 in [22] 
and (15. 2p . we have 

^(¥2(0, 3, 3n + 2) - ¥2(1, 3, 3n + 2))g" - 3, 3n + 2) - ¥(1, 3, 3n + 2))g'^ 

n>0 n>0 

(5.3) i<f-^<f)oo ^ 1-96"+^ + (g^; 9^)00 ;^ 

= 6g-3/V(2T,3r;6r)+ 652(9, g^') 

= 1252(9, - 2^!Vg?9^ V 
Identity (6.1) in [16j states that 

.4 4^ _ gg2(A,g') , xV(xV\g6) ^2(^2. ^2)3^(^12. gl2)^^.(^2g^^2)^.(^12g6^gl2) 
) 93[X ,q ) ^2 + g g((?^(Z^)oo(g6;(?6)2oJ(^^92)J(^V^'/2) ' 

where j{x,q) := {x)oo{q/x)oo{q)oo- Letting q q^^'^, x q^l^ in ()5.4p and using the fact that 
92{q^,q^) = g2{q,q^) gives us 

(5.5) 93{q,q') = 2g2{q,q'' ' ^ 



□ 



iq'^;q'^)ooiq^;q'^)'L' 

Thus the result follows after substituting (j5.5p into (|5.3p and using (|5.ip . 

ACKNOWLEGEMENTS 

The authors would like to thank Kathrin Bringmann for her comments regarding Lemma [3. 2 [ 
The first author was partially supported by the Agence Nationale de Recherche ANR-08-JCJC- 
0011. The second author was partially funded by Science Foundation Ireland 08/RFP/MTII1081. 

References 

[1] G.E. Andrews, The Theory of Partitions, Cambridge Univ. Press, Cambridge, 1998. 

[2] G.E. Andrews and F.G. Garvan, Ramanujan's "lost"' notebook VI: The mock theta conjectures, Adv. Math. 
73 (1989), no. 2, 242-255. 

[3] A.O.L. Atkin and H. Swinnerton-Dyer, Some properties of partitions, Proc. London Math. Soc. 66 (1954), 
84-106. 

[4] A. Berkovich and F. G. Garvan, Some observations on Dyson's new symmetries of partitions, J. Combin. 

Theory, Ser. A 100 (2002), 61-93. 
[5] K. Bringmann and J. Lovejoy, Dyson's rank, overpartitions, and weak Maass forms. Int. Math. Res. Not. 

(2007), article ID rnm063. 



M2-RANK DIFFERENCES FOR OVERPARTITIONS 



19 



[6] K. Bringmann and J. Lovejoy, Rank and congruences for overpartition pairs, Int. J. Number Theory 4 
(2008), 303-322. 

[7] K. Bringmann and J. Lovejoy, Overpaxtitions and class numbers of binary quadratic forms, Proc. Natl. 

Acad. Sci. USA 106 (2009), no. 14, 5513-5516. 
[8] K. Bringmann, J. Lovejoy and R. Osburn, Rank and crank moments for overpartitions, J. Number Theory 

129 (2009), no. 7, 1758-1772 
[9] K. Bringmann, J. Lovejoy, and R. Osburn, Automorphic properties of generating functions for generalized 
rank moments and Durfee symbols. Int. Math. Res. Not, to appear. 
[10] K. Bringmann, K. Ono, and R. Rhoades, Eulerian series as modular forms, J. Amer. Math. Soc, J. Amer. 

Math. Soc. 21 (2008), 1085-1104. 
[11] K. Bringmann and S. Zwegers, Rank-crank type PDE's and non-holomorphic Jacobi forms. Math. Res. 
Lett., to appear. 

[12] Y.-S. Choi, Tenth order mock theta functions in Ramanujan's lost notebook. Invent. Math. 136 (1999), 
497-569. 

[13] M. Dcwar, The nonholornorphic parts of certain weak Maass forms, preprint. 
[14] F.J. Dyson, Some guesses in the theory of partitions. Eureka (Cambridge) 8 (1944), 10-15. 
[15] G. Gasper and M. Rahman, Basic Hypergeometric Series, Cambridge Univ. Press, Cambridge, 1990. 
[16] B. Gordon, R. Mcintosh, A survey of classical mock theta functitons, preprint. 
[17] D. Hickerson, On the seventh order mock theta functions. Invent. Math. 94 (1988), 661-677. 
[18] S.Y. Kang, Mock Jacobi forms in basic hypergeometric scries. Compos. Math, to appear. 
[19] J. Lovejoy, Rank and conjugation for the Frobenius representation of an overpartition, Ann. Comb. 9 (2005), 
321-334 

[20] J. Lovejoy, Rank and conjugation for a second Frobenius representation of an overpartition, Ann. Comb. 

12 (2008), 101 113. 

[21] J. Lovejoy and O. Mallet, Overpartition pairs and two classes of basic hypergeometric series. Adv. Math. 
217 (2008), 386-418. 

[22] J. Lovejoy and R. Osburn, Rank differences for overpartitions. Quart. J. Math. (Oxford) 59 (2008), 257-273. 
[23] J. Lovejoy and R. Osburn, M2-rank differences for partitions without repeated odd parts, J. Theor. Nombres 

Bordeaux 21 (2009), no. 2, 313-334. 
[24] S. Robins, Generalized Dedekind ?7-products, in: The Rademaclicr Legacy to Mathematics (University Park, 

PA, 1992), 119-128, Contemp. Math., 166, Amer. Math. Soc, Providence, RI, 1994. 
[25] G.N. Watson, The final problem: an account of the mock theta functions, J. London Math. Soc. 11 (1936), 

5580. 

[26] S. Zwegers, Mock Theta Functions, Ph.D. Thesis, ISBN 90-393-3155-3, Utrecht University, 2002. 
CNRS, LIAFA, Universite Denis Diderot - Paris 7, Case 7014, 75205 Paris Cedex 13, FRANCE 

School of Mathematical Sciences, University College Dublin, Belfield, Dublin 4, Ireland 
E-mail address: lovejoy@liafa.jussieu.fr 
E-mail address: robert.osbumOucd.ie 



